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been introduced for the purpose of student-conducted error analysis. Combining the
use of correctly worked exercises with error analysis has led researchers to posit increased
mathematical understanding. Combining the use of correctly worked exercises with error
analysis has led researchers to posit increased mathematical understanding.

Methods: A mixed method design was used to investigate the use of error analysis in a
seventh-grade mathematics unit on equations and inequalities. Quantitative data were
used to establish statistical significance of the effectiveness of using error analysis and
qualitative methods were used to understand participants'experience with error analysis.

Results: The results determined that there was no significant difference in posttest
scores. However, there was a significant difference in delayed posttest scores.

Conclusion: In general, the teacher and students found the use of error analysis to be
beneficial in the learning process.
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Background

For decades, mathematics education pedagogy has relied most heavily on teachers dem-
onstrating correctly worked example exercises as models for students to follow while
practicing their own exercises [3]. In more recent years, incorrect exercises have been
introduced for the purpose of student-conducted error analysis [17]. Conducting error
analysis aligns with the Standards of Mathematical Practice [18, 19] and the Mathemat-
ics Teaching Practices [18]. Researchers posit a result of increased mathematical under-
standing when these practices are used with a combination of correctly and erroneously
worked exercises [1, 4, 8, 11, 15, 16, 18, 19, 23].

Review of literature

Correctly worked examples consist of a problem statement with the steps taken to reach
a solution along with the final result and are an effective method for the initial acquisi-
tions of procedural skills and knowledge [1, 11, 26]. Cognitive load theory [1, 11, 25]
explains the challenge of stimulating the cognitive process without overloading the
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student with too much essential and extraneous information that will limit the working
memory and leave a restricted capacity for learning. Correctly worked examples focus
the student’s attention on the correct solution procedure which helps to avoid the need
to search their prior knowledge for solution methods. Correctly worked examples free
the students from performance demands and allow them to concentrate on gaining new
knowledge [1, 11, 16].

Error analysis is an instructional strategy that holds promise of helping students to
retain their learning [16]. Error analysis consists of being presented a problem statement
with the steps taken to reach a solution in which one or more of the steps are incorrect,
often called erroneous examples [17]. Students analyze and explain the errors and then
complete the exercise correctly providing reasoning for their own solution. Error analy-
sis leads students to enact two Standards of Mathematical Practice, namely, (a) make
sense of problems and persevere in solving them and (b) attend to precision [19].

Another of the Standards of Mathematical Practice suggests that students learn to
construct viable arguments and comment on the reasoning of others [19]. According to
Grofle and Renkl [11], students who attempted to establish a rationale for the steps of
the solution learned more than those who did not search for an explanation. Teachers
can assist in this practice by facilitating meaningful mathematical discourse [18]. “Argu-
ments do not have to be lengthy, they simply need to be clear, specific, and contain data
or reasoning to back up the thinking” [20]. Those data and reasons could be in the form
of charts, diagrams, tables, drawings, examples, or word explanations.

Researchers [7, 21] found the process of explaining and justifying solutions for both
correct and erroneous examples to be more beneficial for achieving learning outcomes
than explaining and justifying solutions to correctly worked examples only. They also
found that explaining why an exercise is correct or incorrect fostered transfer and led
to better learning outcomes than explaining correct solutions only. According to Silver
et al. [22], students are able to form understanding by classifying procedures into cat-
egories of correct examples and erroneous examples. The students then test their ini-
tial categories against further correct and erroneous examples to finally generate a set of
attributes that defines the concept. Exposing students to both correctly worked exam-
ples and error analysis is especially beneficial when a mathematical concept is often
done incorrectly or is easily confused [11].

Grofie and Renkl [11] suggested in their study involving university students in Ger-
many that since errors are inherent in human life, introducing errors in the learning
process encourages students to reflect on what they know and then be able to create
clearer and more complete explanations of the solutions. The presentation of “incor-
rect knowledge can induce cognitive conflicts which prompt the learner to build up a
coherent knowledge structure” [11]. Presenting a cognitive conflict through erroneously
worked exercises triggers learning episodes through reflection and explanations, which
leads to deeper understanding [29]. Error analysis “can foster a deeper and more com-
plete understanding of mathematical content, as well as of the nature of mathematics
itself” [4].

Several studies have been conducted on the use of error analysis in mathematical
units [1, 16, 17]. The study conducted for this article differed from these previous stud-
ies in mathematical content, number of teachers and students involved in the study, and
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their use of a computer or online component. The most impactful differences between
the error analysis studies conducted in the past and this article’s study are the length of
time between the posttest and the delayed posttest and the use of qualitative data to add
depth to the findings. The previous studies found students who conducted error analysis
work did not perform significantly different on the posttest than students who received
a more traditional approach to learning mathematics. However, the students who con-
ducted error analysis outperformed the control group in each of the studies on delayed
posttests that were given 1-2 weeks after the initial posttest.

Loibl and Rummel [15] discovered that high school students became aware of their
knowledge gaps in a general manner by attempting an exercise and failing. Instruc-
tion comparing the erroneous work with correctly worked exercises filled the learning
gaps. Gadgil et al. [9] conducted a study in which students who compared flawed work
to expertly done work were more likely to repair their own errors than students who
only explained the expertly done work. This discovery was further supported by other
researchers [8, 14, 24]. Each of these researchers found students ranging from elemen-
tary mathematics to university undergraduate medical school who, when given correctly
worked examples and erroneous examples, learned more than students who only exam-
ined correctly worked examples. This was especially true when the erroneous examples
were similar to the kinds of errors that they had committed [14]. Stark et al. [24] added
that it is important for students to receive sufficient scaffolding in correctly worked
examples before and alongside of the erroneous examples.

Purpose

The purpose of this study was to explore whether seventh-grade mathematics students
could learn better from the use of both correctly worked examples and error analysis
than from the more traditional instructional approach of solving their exercises in which
the students are instructed with only correctly worked examples. The study furthered
previous research on the subject of learning from the use of both correctly worked
examples and error analysis by also investigating the feedback from the teacher’s and
students’ experiences with error analysis. The following questions were answered in this
study:

1. What was the difference in mathematical achievement when error analysis was
included in students’ lessons and assignments versus a traditional approach of learn-
ing through correct examples only?

2. What kind of benefits or disadvantages did the students and teacher observe when
error analysis was included in students’ lessons and assignments versus a traditional
approach of learning through correct examples only?

Methods

A mixed method design was used to investigate the use of error analysis in a seventh-
grade mathematics unit on equations and inequalities. Quantitative data were used to
establish statistical significance of the effectiveness of using error analysis and qualitative
methods were used to understand participants’ experience with error analysis [6, 27].
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Participants

Two-seventh-grade mathematics classes at an International Baccalaureate (IB) school in
a suburban charter school in Northern Utah made up the control and treatment groups
using a convenience grouping. One class of 26 students was the control group and one
class of 27 students was the treatment group.

The same teacher taught both the groups, so a comparison could be made from the
teacher’s point of view of how the students learned and participated in the two different
groups. At the beginning of the study, the teacher was willing to give error analysis a try
in her classroom; however, she was not enthusiastic about using this strategy. She could
not visualize how error analysis could work on a daily basis. By the end of the study, the
teacher became very enthusiastic about using error analysis in her seventh grade math-
ematics classes.

The total group of participants involved 29 males and 24 females. About 92% of the
participants were Caucasian and the other 8% were of varying ethnicities. Seventeen
percent of the student body was on free or reduced lunch. Approximately 10% of the
students had individual education plans (IEP).

Materials

A pretest and posttest were created to contain questions that would test for mathemati-
cal understanding on equations and inequalities using Glencoe Math: Your Common
Core Edition CCSS [5] as a resource. The pretest was reused as the delayed posttest.
Homework assignments were created for both the control group and the treatment
group from the Glencoe Math: Your Common Core Edition CCSS textbook. However, the
researcher rewrote two to three of the homework exercises as erroneous examples for
the treatment group to find the error and fix the exercise with justifications (see Figs. 1,
2). Students from both groups used an Assignment Time Log to track the amount of

time which they spent on their homework assignments.

6.2 —p. 451

Replace the corresponding questions from your textbook assignment with the given
problems that have errors in the work.

For each problem, find the error and correct it to find the right answer to the problem.
Explain the error and what you did to complete the problem correctly.

4#6) 54 = —9d #) o=-2
9 "9 _
T=%=—10
6=d
r=-10

#12) A certain hurricane travels at 20.88 kilometers per hour. The distance from Cuba
to Key West is 145 kilometers. Write and solve a multiplication equation to find about
how long it would take the hurricane to travel from Cuba to Key West.

T = time

T = 20.88 (145)

T =3215.52 It would take the hurricane 3215.52 hours to travel to Key West.

Fig. 1 Example of the rewritten homework exercises as equation erroneous examples
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6.7 —p. 509
Replace the corresponding questions from your textbook assignment with the given
problems that have errors in the work.

For each problem, find the error and correct it to find the right answer to the problem.
Explain the error and what you did to complete the problem correctly.

#)  —35>33 #)  I>:
-3 -3 £9>19
s>-11 o "1
h>—

3

(o)}

#12) Solve and graph

Z>_16

—56

= —6>-16--6

s >96

< I I O B Ao =
0 96

Fig. 2 Example of the rewritten homework exercises as inequality erroneous examples

Procedure

Both the control and the treatment groups were given the same pretest for an equations
and inequality unit. The teacher taught both the control and treatment groups the infor-
mation for the new concepts in the same manner. The majority of the instruction was
done using the direct instruction strategy. The students in both groups were allowed to
work collaboratively in pairs or small groups to complete the assignments after instruc-
tion had been given. During the time she allotted for answering questions from the pre-
vious assignment, she would only show the control group the exercises worked correctly.
However, for the treatment group, the teacher would write errors which she found in the
students’ work on the board. She would then either pair up the students or create small
groups and have the student discuss what errors they noticed and how they would fix
them. Often, the teacher brought the class together as a whole to discuss what they dis-
covered and how they could learn from it.

The treatment group was given a homework assignment with the same exercises as the
control group, but including the erroneous examples. Students in both the control and
treatment groups were given the Assignment Time Log to keep a record of how much
time was spent completing each homework assignment.

At the end of each week, both groups took the same quiz. The quizzes for the con-
trol group received a grade, and the quiz was returned without any further attention.
If a student asked how to do an exercise, the teacher only showed the correct example.
The teacher graded the quizzes for the treatment group using the strategy found in the
Teaching Channel’s video “Highlighting Mistakes: A Grading Strategy” [2]. She marked
the quizzes by highlighting the mistakes; no score was given. The students were allowed
time in class or at home to make corrections with justifications.

The same posttest was administered to both groups at the conclusion of the equa-
tion and inequality chapter, and a delayed posttest was administered 6 weeks later.

Page 5 of 12
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The delayed posttest also asked the students in the treatment group to respond to an
open-ended request to “Please provide some feedback on your experience” The test
scores were analyzed for significant differences using independent samples ¢ tests. The
responses to the open-ended request were coded and analyzed for similarities and dif-
ferences, and then, used to determine the students’ perceptions of the benefits or disad-
vantages of using error analysis in their learning.

At the conclusion of gathering data from the assessments, the researcher interviewed
the teacher to determine the differences which the teacher observed in the prepara-
tion of the lessons and students’ participation in the lessons [6]. The interview with the
teacher contained a variety of open-ended questions. These are the questions asked dur-
ing the interview: (a) what is your opinion of using error analysis in your classroom at
the conclusion of the study versus before the study began? (b) describe a typical class-
room discussion in both the control group class and the treatment group class, (c) talk
about the amount of time you spent grading, preparing, and teaching both groups, and
(d) describe the benefits or disadvantages of using error analysis on a daily basis com-
pared to not using error analysis in the classroom. The responses from the teacher were
entered into a computer, coded, and analyzed for thematic content [6, 27]. The themes
that emerged from coding the teacher’s responses were used to determine the kind of
benefits or disadvantages observed when error analysis was included in students’ lessons
and assignments versus a traditional approach of learning through correct examples
only from the teacher’s point of view.

Findings and discussion

Mathematical achievement

Preliminary analyses were carried out to evaluate assumptions for the ¢ test. Those
assumptions include: (a) the independence, (b) normality tested using the Shapiro—Wilk
test, and (c) homogeneity of variance tested using the Levene Statistic. All assumptions
were met.

The Levene Statistic for the pretest scores (p > 0.05) indicated that there was not a
significant difference in the groups. Independent samples ¢ tests were conducted to
determine the effect error analysis had on student achievement determined by the dif-
ference in the means of the pretest and posttest and of the pretest and delayed posttest.
There was no significant difference in the scores from the posttest for the control group
(M = 8.23, SD = 5.67) and the treatment group (M = 9.56, SD = 5.24); t(51) = 0.88,
p = 0.381. However, there was a significant difference in the scores from the delayed
posttest for the control group (M = 5.96, SD = 4.90) and the treatment group (M = 9.41,
SD = 4.77); t(51) = 2.60, p = 0.012. These results suggest that students can initially learn
mathematical concepts through a variety of methods. Nevertheless, the retention of
the mathematical knowledge is significantly increased when error analysis is added to
the students’ lessons, assignments, and quizzes. It is interesting to note that the differ-
ence between the means from the pretest to the posttest was higher in the treatment
group (M = 9.56) versus the control group (M = 8.23), implying that even though there
was not a significant difference in the means, the treatment group did show a greater

improvement.
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The Assignment Time Log was completed by only 19% of the students in the treatment
group and 38% of the students in the control group. By having such a small percentage of
each group participate in tracking the time spent completing homework assignment, the
results from the ¢ test analysis cannot be used in any generalization. However, the results
from the analysis were interesting. The mean time spent doing the assignments for each
group was calculated and analyzed using an independent samples ¢ test. There was no
significant difference in the amount of time students which spent on their homework
for the control group (M = 168.30, SD = 77.41) and the treatment group (M = 165.80,
SD = 26.53); t(13) = 0.07, p = 0.946. These results suggest that the amount of time that
students spent on their homework was close to the same whether they had to do error
analyses (find the errors, fix them, and justify the steps taken) or solve each exercise in
a traditional manner of following correctly worked examples. Although the students did
not spend a significantly different amount of time outside of class doing homework, the
treatment group did spend more time during class working on quiz corrections and dis-
cussing error which could attribute to the retention of knowledge.

Feedback from participants

All students participating in the current study submitted a signed informed consent
form. Students process mathematical procedures better when they are aware of their
own errors and knowledge gaps [15]. The theoretical model of using errors that students
make themselves and errors that are likely due to the typical knowledge gaps can also
be found in works by other researchers such as Kawasaki [14] and VanLehn [29]. High-
lighting errors in the students’ own work and in typical errors made by others allowed
the participants in the treatment group the opportunity to experience this theoretical
model. From their experiences, the participants were able to give feedback to help the
researcher delve deeper into what the thoughts were of the use of error analysis in their
mathematics classes than any other study provided [1, 4, 7-9, 11, 14-17, 21, 23-26,
29]. Overall, the teacher and students found the use of error analysis in the equations
and inequalities unit to be beneficial. The teacher pointed out that the discussions in
class were deeper in the treatment group’s class. When she tried to facilitate meaningful
mathematical discourse [18] in the control group class, the students were unable to get
to the same level of critical thinking as the treatment group discussions. In the open-
ended question at the conclusion of the delayed posttest (“Please provide some feedback
on your experience”’), the majority (86%) of the participants from the treatment group
indicated that the use of erroneous examples integrated into their lessons was benefi-
cial in helping them recognize their own mistakes and understanding how to correct
those mistakes. One student reported, “I realized I was doing the same mistakes and
now knew how to fix it” Several (67%) of the students indicated learning through error
analysis made the learning process easier for them. A student commented that “When I
figure out the mistake then I understand the concept better, and how to do it, and how
not to do it”".

When students find and correct the errors in exercises, while justifying themselves,
they are being encouraged to learn to construct viable arguments and critique the rea-
soning of others [19]. This study found that explaining why an exercise is correct or
incorrect fostered transfer and led to better learning outcomes than explaining correct
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solutions only. However, some of the higher level students struggled with the explana-
tion component. According to the teacher, many of these higher level students who
typically do very well on the homework and quizzes scored lower on the unit quizzes
and tests than the students expected due to the requirement of explaining the work. In
the past, these students had not been justifying their thinking and always got correct
answers. Therefore, providing reasons for erroneous examples and justifying their own
process were difficult for them.

Often teachers are resistant to the idea of using error analysis in their classroom. Some
feel creating erroneous examples and highlighting errors for students to analyze is too
time-consuming [28]. The teacher in this study taught both the control and treatment
groups, which allowed her the perspective to compare both methods. She stated, “Grad-
ing took about the same amount of time whether I gave a score or just highlighted the
mistakes” She noticed that having the students work on their errors from the quizzes
and having them find the errors in the assignments and on the board during class time
ultimately meant less work for her and more work for the students.

Another reason behind the reluctance to use error analysis is the fact that teachers
are uncertain about exposing errors to their students. They are fearful that the discus-
sion of errors could lead their students to make those same errors and obtain incorrect
solutions [28]. Yet, most of the students’ feedback stated the discussions in class and
the error analyses on the assignments and quizzes helped them in working homework
exercises correctly. Specifically, they said figuring out what went wrong in the exercise
helped them solve that and other exercises. One student said that error analysis helped
them “do better in math on the test, and I actually enjoyed it” Nevertheless, 2 of the
27 participating students in the treatment group had negative comments about learning
through error analysis. One student did not feel that correcting mistakes showed them
anything, and it did not reinforce the lesson. The other student stated being exposed to
error analysis did, indeed, confuse them. The student kept thinking the erroneous exam-
ple was a correct answer and was unsure about what they were supposed to do to solve
the exercise.

When the researcher asked the teacher if there were any benefits or disadvantages
to using error analysis in teaching the equations and inequalities unit, she said that she
thoroughly enjoyed teaching using the error analysis method and was planning to imple-
ment it in all of her classes in the future. In fact, she found that her “hands were tied”
while grading the control group quizzes and facilitating the lessons. She said, “I wanted
to have the students find their errors and fix them, so we could have a discussion about
what they were doing wrong” The students also found error analysis to have more ben-
efits than disadvantages. Other than one student whose response was eliminated for not
being on topic and the two students with negative comments, the other 24 of the stu-
dents in the treatment group had positive comments about their experience with error
analysis. When students had the opportunity to analyze errors in worked exercises (error
analysis) through the assignments and quizzes, they were able to get a deeper under-
standing of the content and, therefore, retained the information longer than those who
only learned through correct examples.

Discussions generated in the treatment group’s classroom afforded the students the
opportunity to critically reason through the work of others and to develop possible
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arguments on what had been done in the erroneous exercise and what approaches might
be taken to successfully find a solution to the exercise. It may seem surprising that an
error as simple as adding a number when it should have been subtracted could prompt a
variety of questions and lead to the students suggesting possible ways to solve and check
to see if the solution makes sense. In an erroneous exercise presented to the treatment
group, the students were provided with the information that two of the three angles of a
triangle were 35° and 45°. The task was to write and solve an equation to find the missing
measure. The erroneous exercise solver had created the equation: x 4+ 35 4+ 45 = 180.
Next was written x + 80 = 180. The solution was x = 260°. In the discussion, the class
had on this exercise, the conclusion was made that the error occurred when 80 was
added to 180 to get a sum of 260. However, the discussion progressed finding different
equations and steps that could have been taken to discover the missing angle measure to
be 100° and why 260° was an unreasonable solution. Another approach discussed by the
students was to recognize that to say the missing angle measure was 260° contradicted
with the fact that one angle could not be larger than the sum of the angle measures of a
triangle. Analyzing the erroneous exercises gave the students the opportunity of engag-
ing in the activity of “explaining” and “fixing” the errors of the presented exercise as well
as their own errors, an activity that fostered the students’ learning.

Conclusion
The students participating in both the control and treatment groups from the two-
seventh-grade mathematics classes at the IB school in a suburban charter school in
Northern Utah initially learned the concepts taught in the equations and inequality unit
statistically just as well with both methods of teaching. The control group had the infor-
mation taught to them with the use of only correctly worked examples. If they had a
question about an exercise which they did wrong, the teacher would show them how
to do the exercise correctly and have a discussion on the steps required to obtain the
correct solutions. On their assignments and quizzes, the control group was expected to
complete the work by correctly solving the equations and inequalities in the exercise,
get a score on their work, and move on to the next concept. On the other hand, the stu-
dents participating in the treatment group were given erroneous examples within their
assignments and asked to find the errors, explain what had been done wrong, and then
correctly solve the exercise with justifications for the steps they chose to use. During
lessons, the teacher put erroneous examples from the students’ work on the board and
generated paired, small groups, or whole group discussion of what was wrong with the
exercise and the different ways to do it correctly. On the quizzes, the teacher highlighted
the errors and allowed the students to explain the errors and justify the correct solution.
Both the method of teaching using error analysis and the traditional method of pre-
senting the exercise and having the students solve it proved to be just as successful on
the immediate unit summative posttest. However, the delayed posttest given 6 weeks
after the posttest showed that the retention of knowledge was significantly higher for
the treatment group. It is important to note that the fact that the students in the treat-
ment group were given more time to discuss the exercises in small groups and as a whole
class could have influenced the retention of mathematical knowledge just as much or
more than the treatment of using error analysis. Researchers have proven academic
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advantages of group work for students, in large part due to the perception of students
having a secure support system, which cannot be obtained when working individually
[10, 12, 13].

The findings of this study supported the statistical findings of other researchers [1, 16,
17], suggesting that error analysis may aid in providing a richer learning experience that
leads to a deeper understanding of equations and inequalities for long-term knowledge.
The findings of this study also investigated the teacher’s and students’ perceptions of
using error analysis in their teaching and learning. The students and teacher used for this
study were chosen to have the same teacher for both the control and treatment groups.
Using the same teacher for both groups, the researcher was able to determine the teach-
er’s attitude toward the use of error analysis compared to the non-use of error analysis in
her instruction. The teacher’s comments during the interview implied that she no longer
had an unenthusiastic and skeptical attitude toward the use of error analysis on a daily
basis in her classroom. She was “excited to implement the error analysis strategy into
the rest of her classes for the rest of the school year”. She observed error analysis to be
an effective way to deal with common misconceptions and offer opportunities for stu-
dents to reflect on their learning from their errors. The process of error analysis assisted
the teacher in supporting productive struggle in learning mathematics [18] and created
opportunity for students to have deep discussions about alternative ways to solve exer-
cises. Error analysis also aided in students’ discovery of their own errors and gave them
possible ways to correct those errors. Learning through the use of error analysis was
enjoyable for many of the participating students.

According to the NCTM [18], effective teaching of mathematics happens when a
teacher implements exercises that will engage students in solving and discussing tasks
that promote mathematical reasoning and problem solving. Providing erroneous exam-
ples allowed discussion, multiple entry points, and varied solution strategies. Both the
teacher and the students participating in the treatment group came to the conclusion
that error analysis is a beneficial strategy to use in the teaching and learning of math-
ematics. Regardless of the two negative student comments about error analysis not being
helpful for them, this researcher recommends the use of error analysis in teaching and
learning mathematics.

The implications of the treatment of teaching students mathematics through the use
of error analysis are that students’ learning could be fostered and retention of content
knowledge may be longer. When a teacher is able to have their students’ practice criti-
quing the reasoning of others and creating viable arguments [19] by analyzing errors in
mathematics, the students not only are able to meet the Standard of Mathematical Prac-
tice, but are also creating a lifelong skill of analyzing the effectiveness of “plausible argu-
ments, distinguish correct logic or reasoning from that which is flawed, and—if there is a

flaw in an argument—explain what it is” ([19], p. 7).

Limitations and future research

This study had limitations. The sample size was small to use the same teacher for both
groups. Another limitation was the length of the study only encompassed one unit.
Using error analysis could have been a novelty and engaged the students more than
it would when the novelty wore off. Still another limitation was the study that was
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conducted at an International Baccalaureate (IB) school in a suburban charter school in
Northern Utah, which may limit the generalization of the findings and implications to
other schools with different demographics.

This study did not have a separation of conceptual and procedural questions on the
assessments. For a future study, the creation of an assessment that would be able to
determine if error analysis was more helpful in teaching conceptual mathematics or pro-
cedural mathematics could be beneficial to teachers as they plan their lessons. Another
suggestion for future research would be to gather more data using several teachers
teaching both the treatment group and the control group.

Additional file

{ Additional file 1: Error analysis data. }
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